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CUSP AND UNDULATION INVARIANTS OF RATIONAL CURVES.* 

Bt J. E. RowE. 

Introduction. 

It would be useful to have a formal statement of a method by means of 
which the cusp and undulation conditions of a rational plane curve could 
be written down in their best forms. These invariants are expressible 
in terms of the three-rowed determinants of the matrix of coefficients of 
the parametric equations of the curve. Meyerf has shown that the cusp 
condition is of order 2(n — 1) and the undulation condition of order 4(ra— 3) 
in these determinants but it would be difficult to actually write them out 
by using his methods. Also, by the xise of perspective curves, introduced 
by Stahljt it is possible to write out the cusp condition as a determinant of 
order 6(w — 1) but the high order of this determinant makes the method 
of little practical use. It is the purpose of this paper to give a straight- 
forward method of writing out these invariants for a rational curve of order 
n as determinants of orders 2(n — 1) and 4(n — 3) whose constituents 
are the three-rowed determinants mentioned above. These methods are 
valuable because they may be directly extended to find the corresponding 
singularities in higher dimensions. Other interesting facts that are brought 
out in the paper are the peculiar relation of the cusp and undulation condi- 
tions of the plane rational quintic which is a special case of a relation pe- 
culiar to all invariants of the plane rational quintic, and the generalization 
of these facts in higher dimensions. 

The Undulation Invariants. 

Let the parametric equations of the rational curve of order n in space 
of d dimensions which we call RdT be written 

(1) Xi = a.f» -t- n6.i»-i + ^^^ ~ ^K d"-^ • - • ; i = 0, 1, 2, 3, • • • d; 

also, when sjonbolic expressions are used for the n-ics on the right side of 

(1) it is to be understood that (1) is written in the form 

(2) Xo = {aty, Xi = (/30", Xi = {yty, • • • Xd = (xO". 

* Presented to the American Mathematical Society, February 24, 1912. 
t Meyer, Mathematische Annalen, vol. 38 (1891), pp. 375-6. 
X W. Stahl, Mathematische Annalen, vol. 38 (1891), pp. 561-85. 
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Beginning with the plane we observe that any line 

(3) (?x) = ^oxo + ?ixi + $2X2 = 

cuts (2) in n points whose parameters are the roots of the binary w-ic 

(4) Ucdy + ^i(i80" + Uyty = 0. 

There are 3n — 6 lines which cut (2) in three consecutive parameters; 
these (3n — 6) parameters are the flex parameters of the iZj", and are the 
values of t which occur as cubed factors in members of the system of binary 
n-ics (4). There is no member of (4) which contains a fourfold factor imless 
a certain relation exists among the coefficients of the parametric equations 
of the Ri'*. Translating the theory of partial derivatives into symbolic 
notation* we j&nd that the condition for the system (4) to have a member 
which contains a fourfold factor is expressed by 



(5) 



(aO"~*(/30"~'(70""' 



ai* 



ai^Oi 



aittj Q!2 



.fll' .5x2^2 ^A^ 



ft' 



Jl' 



Ti^72 



7172' yi 



= 0; 



that is, if such a value of t exists it must satisfy simultaneously the four 
(3n — 9)-ics (5) obtained by dropping out in succession one colxunn in 
the matrix. The coefficients of these (3n — 9)-ics are expressible in terms 
of the three-rowed determinants of the matrix of coefficients of the para- 
metric equations of the ijj". The condition for t to satisfy these four equa- 
tions simultaneously can be obtained as a determinant of order 4(» — 3) 
in their coefficients. Several illustrations will make this clear. In as 
much as calculation is an essential feature of the paper it will be necessary 
to write out explicitly more than the usual number of expressions. Take 
the Ri^ as an example. From (1) and (2) we have 



(6) 

and 

(7) 



R^* = Xi = ail* + Ahi^ -\- 6c.<2 -H Uit + e,-; 

xo = {aty, xi = ((80*, X2 = (yty. 
For (7) the expression (5) becomes 



i = 0, 1, 2; 



(8) 



(atxmiyt) 



ai» 


CXl^OCi 


aiQ;22 


a,^ 


^1' 


^1^^2 


^A' 


^2' 


71' 


71V2 


7172'' 


72« 



= 0. 



Let us actually calculate the two cubics foimd by striking out the fourth 
and third columns in the matrix (8) ; the first of these we shall refer to as 
(9) and the second as (10). Further 

* See Grace & Young, Algebra of Invariants, p. 9. 
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(11) = oci^ijii? + (ai/3i72 + q;i/327i + a20i7i)t^ 

Substituting in (9) and (10) from (11) and then from (6) in (9) and (10) 
we have 



(12) 



and 



(13) 



Co 60 Co 

01 &1 Ci t^ + 

02 &2 C2 

" Oo &0 Co 

+ &1 Ci di 

- 62 C2 di 

00 5o do 

01 hi di fi + 
Ui bi di 

Oo 60 do 

+ &i Ci ei 

62 C2 62 



+ 



Oo bo Co 
ai 61 Ci 
62 C2 di 
bo Co do 

Ol &i Ci 
62 C2 di 

00 &0 do 

01 61 di 
62 C2 62 

&o Co Co 
Ol bi di 

&2 C2 62 



+ 



00 &0 Co 

+ 61 Ci di + 

O2 &2 C2 

60 Co do 
+ bi Ci di 

02 &2 C2 

j Oo bo do 
+ \bi Ci ei + 

1 02 &2 d2 
60 Co Co 

+ bi Ci ei 
a<i bi di 



bo Co do 

01 61 Ci 

02 bi Ci 

bo Co Co 

01 &i di 

02 bi di 



t^ 



-1 


bo Co do 


t + 


bi Ci di 


J 


62 C2 d2 



0, 



f2 



~l 


60 Co Co 


t + 


&i Ci ei 


J 


bi Ci Ci 



= 0, 



which are the cubics (9) and (10) in expanded form; the coefficients of 
(12) and (13) are expressible in terms of the three-rowed determinants of 
the matrix of coefficients of (6) ; we obtain 

(120 \abc\fi + \abd\P + \acd\t + \bcd\ = 0, 

(130 \abd\^ + [\af>e\ + \acd\]t'' + [\ace\ + \bcd\]t + \bce\ = 0; 

the other two cubics of (8) can be written out without actual calculation 
because of their symmetry with respect to (130 and (120 > ^^^Y are 

(14) \acd\^ + [\ace\ + \bcd\]f + [\ade\ + \bce\]t + 6de = 0, 

(15) |6cd|f3 + \bce\t^ + \bde\t + \cde\ = 0. 

Any three of these equations (120, (130, (14), and (15) could be solved for 
fi, t^, and t, and these values substituted in the fourth yields the condition* 
for there to be a value of t which satisfies the four simultaneously; that is 



* It is better to say that this yields the condition for a value of ( which satisfies three of the 
equations to satisfy the fourth. 
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(16) 



= 



the determinant of the coefficients of the four equations (12'), (13'), (14), 
and (15) which is 

\ahc\, \abd\, \acd\, \bcd\ 

\abd\, \d>e\ + \acd\, \ace\ + \bcd\, \bce\ 

\acd\, \ace\ + \bcd\, \ade\ + \bce\, \bde\ 

\bcd\, \bce\, \bde\, \cde\ 

is the condition for the i^z* to have an undulation. This* invariant for the 
Ri* has been found before, but it is given here as an illustration of the general 
method. 

The Special Case of the R^^. 

From equations (1) and (2) the ^2* may be written 
(17) Xi = a,<5 + 5bii^ + lOc.f^ + lOdifi + bed + U, i = 0, 1, 2, 



or 

(18) 



Xo = {aty 

xi = m" 

X2 = (yty. 



The matrix corresponding to (5) in this case is 

(19) {atymKyty 



ai' 0:1^0:2 ociUi^ 



ai' 



= 0. 



(20) 



X' = led/ 1 

X = \bce\ 

X' = l&del. 



/3i« ^i^^2 /3i/322 ft» 
7i' 71^2 7172'' 72^ 
For convenience let the follo^\'ing system of abbreviations be used for the Bi^: 

a = \abc\ iS = \abd\ j = \abe\ 5 = \abf\ X = \acd\ 
a' = \def\ ^'=\cef\ Y = \bef\ 5' = |ae/| 

ju = \ace\ V = \aqf\ ^ = |ade| <p = \bcd\ 

p' = \hdf\ v' = \ad}\ ^' = \bcf\ <p' = \cde\ 

The four sextics (19) may now be put in the form 

afi + 2^f + (7 + 3X)<* + (2m + 4<.)f8 + (^ + 3x)<' + 2x'f + <p' = 0, 
/3i« + 2(7 + X)<« + (5 + 4m + Z<p)i^ + {2v ^\-2^p^\- 6x)<» 

+ {v' + 4x' + ZyP')1? + 2{<p' + ix')t + X' = 0, 
(21) Xf« + {2<p + m)<* + (i- + 4x + Z^)i^ + {2v' + 2iA' + ^x')^ 

+ (a' + 4m' + Z<p')i? + 2(7' + \')t + ^' = 0, 
.^f« + 2x<^ + {yp' + 3x')«' + (2m' + ^v')^ + (7' + 3X')<2 

+ 2j8'« + a' = 0. 
* See Transactions of the American Mathematical Society, vol. 12, No. 3, p. 304. 
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If these four equations are multiplied by t the four equations so obtained 
together with the four of (21) form 8 septemics whose determinant equated 
to zero is the required condition. Hence the undulation of the ^2^ of (17) is 

a 2/3 7+3X 2m+4^ 

^+3x 2x' <p' 

^ 2(7+X) S+4/x+3^j 2i/+2^+6x 

r'+4x'+3^' 2(v5'+m') V 

X 2(^+m) >'+4x+3iA 2/+2.A'+6x' 

5'+4m'+3^' 2(y+X0 ^' 

<P 2x iA'+3x' 2m'+4^' 

7'+3X' 2/3' a' 0' 

a 2|8 7+3X 

2m+4^ ^+3x 2x' <p' 

/3 2(7+X) 5+4m+3^ 

2i'+2.A+6x /+4x'+3,^' 2(^'+m') X' 
X 2{p+ix) r+4x+3^ 

2r'+2^i''+6x' 5'+4m'+3^' 2(7'+X') 13' 
<f> 2x ^'+3x' 

2n'+4<p' y+3X' 2/3' 



(22) 



a 



= 0. 



So far as we know from the actual work the conditions (16) and (22) are 
only necessary conditions for undulations. Hence the question arises, 
do we obtain by this method a condition which is sufficient for an undulation? 
This question can be answered in the affirmative because in this way an 
invariant of order 4(7i — 3) of the iZ" is obtained which is not an identity 
and which vanishes when the i2" possesses this singularity. Since it is 
known* that an imdidation of the R" is conditioned by the vanishing of an 
invariant of order 4(n — 3) it is evident that the above method yields an 
invariant whose vanishing actually conditions an undulation. The same 
kind of argument may be used to show the sufficiency of the cusp conditions 
which are to be found in the following pages, and methods of this sort have 
been used by all writersf on invariants. 

• See Brill, Mathematische Annalen, vol. 12, pp. 107-112; also, Meyer, loc. cit., p. 11. 
t Salmon, Higher Algebra, Fourth Edition, p. 190-191; also, W. Stahl, loc. cit., p. 11. 
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It is necessary in this place to state several important theorems* re- 
garding rational curves and to explain exactly what they mean when appUed 
to the ^2*. Every rational curve of order n in the plane is symmetrically 
represented by n — 2 binary forms of degree n; all Une sections of the 222 " 
are sets of points whose parameters are apolar to each of these (n — 2) 
binary n-ics and therefore apolar to any Unear combination of them. The 
combinants of these (n — 2) binary n-ics are invariants of the 22" and are 
expressible in terms of the three-rowed determinants of the matrix of coef- 
ficients of the parametric equations of the curve by means of a scheme which 
we shall soon illustrate; also, the combinants of the three binary n-ics 
in the parametric equations of the curve are invariants of the R". When 
n = 5 or if we are considering the 2^2^ a very special relation exists : the 
222^ is symmetrically represented by three binary quintics other than those 
which occur in the parametric equations of the 222*; the combinants of the 
three binary quintics in the parametric equations of the 222* are invariants 
of the 222*; also, the general theory states that the combinants of the three 
binary quintics which are apolar to all Une sections of the 222* are invariants 
of the 222*. Let the threef binary quintics which are apolar to all Une sections 
of the ^2* be 



(24) 



aoi* + OLit* + dit^ + azt^ + ait -H as = 0, 
^oi* + ^if" + M^ + U^ + U + ^6 = 0, 

7oi* + yit' + y^t^ + T3(- + y^t + 75 = 0. 



If the combinants of anj^ three binary quintics are given the combinants of 
the three binary quintics (24) in terms of the coefficients of (17) can he ob- 
tained by an easy substitutiont which we shall now give. The combinants 
of (24) are expressible in terms of the three-rowed determinants of the matrix 

ao oil ai as a4 as 

(25) /3o /3i /32 03 04 185 

To 7i 72 73 74 76 
The matrix of coefficients of (17) is 

flo bo Co do Co /o 



(26) 



Ci &1 Ci di Ci /i 
fla ^2 Ci di 62 fi 



* Meyer's Apolaxitat und rationale Cvirven contains all these theorems; the expressions 
" symmetrically represented " and " fundamental involution " are used in this paper as he uses 
them. 

t In (24) the binary quintics are purposely written without binomial coefficients, 

I Meyer, AjKilaritat und rationale Curven, pp. 1-10. 
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Suppose the combinants of (24) are given in terms of the three-rowed 
determinants of the matrix (25); to obtain the combinants of the three 
binary quintics which symmetrically represent the Ri^ in terms of the three- 
rowed determinants of (26), it is only necessary to make the substitution of 
complimentary determinants, i. e., for |ao /3i 72I substitute \def\, for 
\oci 183 -ysl substitute |a6e|, etc., after which allowance can be made for 
binomial coefficients, the exact substitution being illustrated in what 
follows. Since this method holds for any three binary quintics it must 
hold in particular for the binary quintics in (17). If an invariant of the 
Rz^ is given in terms of the determinants of the matrix (26) it may he looked 
upon as a comMnant of the three binary forms (17); by substituting \def\ 
for \abc\, \hce\ for \adf\, etc., we obtain the same combinant of the three 
binary quintics which symmetrically represent the R^^ written without 
binomial coefficients; hence by allowing for these coefficients the same com- 
binants of the three binary quintics which symmetrically represent the 
Ri^ of (17) are obtained. The exact substitutions which must be made in 
a combinant of the three binary quintics which occur in the parametric 
equations of the Uz* of (17) in order to obtain the same combinant of the 
three binary quintics which symmetrically represent the Ri^ of (17) are 
in terms of the Greek letters of (20) 

a = 50a', fi = 500', j = lOOX', 5 = 500^, X = 25t', 

a' = 50a, |8' = 50/3, y' = lOOX, 5' = 500^', X' = 25t, 

M = 50m', V = 250x', '/' = 50«A', <P = 53', x = lOi-', 

m' = 50m, V = 250x, ^' = 50iA, <p' = 55, x' = iOv. 



(27) 



It might be supposed that each invariant of the R^^ by means of the sub- 
stitutions (27) transforms into a multiple of itself, but this is not always 
the case. Consider the set of five points cut out of the R^^ by the covariant 
line* of the R^^ whose parameters are given by 

(28) (2X - 7)^' + (10^ - 8)t* + (lOx - 2v)1? + (lOx' - 2v')t^ 

+ (10<p' - 8')t + (2X' - y') = 0. 

By means of the substitutions (27) the equation (28) transforms into a 
quintic whose roots are the reciprocals of the roots of (28) ; hence the in- 
variants of (28) are the same as the invariants of the transformed equation. 
The same is true of the 9-ic 



* The equation of this line is \afx\ — 5\bex\ + lOcdx = and is obtained from the apolarity 
condition of two line sections by making Xo, xi, x% the coordinates of the point in which the two 
secant lines intersect. 
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(29) (atym'iyty 



ai^ 


aiaz 


a,^ 


^i' 


^2 


^2' 


Ji' 


Ti72 


72^ 



= 



which yields the 9 flex parameters* of the R2^ of (17). But if an invariant 
of (28) or (29) breaks up into two factors of the same degree it is by no means 
true that each factor transforms into itself, for each might transform into 
the other. In fact, this is exactly what does happen for the invariant (22). 
Each invariant of (29) as a whole must transform into itself by means of 
(27) ; the discriminant of (29) breaks up into two factors becaxise it is known^ 
that two flexes of a rational curve unite in one way to form an undulation 
and in another to form a cusp; in the case of the Ri^ these invariants are of 
the same degree and it is easy to verify that (22) does not transform into 
itself by means of (27) ; hence the transform of (22) by (27) yields the cusp 
invariant of the iJj* of (17). That this fact is a special case of a much more 
general theorem in regard to plane rational curves will appear when we 
consider the general cusp condition for rational curves. The cusp condition 
of the iJa* is found by making the substitutions (27) in the expression (22). 

The Undulation Invariant of the Bi\ 

If we make n = 6 in (1), (2) and (5) and proceed as before the undu- 
lation condition of the J?2* is found by requiring four 9-ics to be satisfied 
by the same value of t. 

The four 9-ics in expanded form are 

\dbc\f + 3|a6d|<« + [3|a6e| + 6\acd\]f + [\abf\ + S\ace\ + 10\bcd\]t^ 

(34) + [3\acf I + 6|ade| + 15| 5ce|]<« + [3 |od/ 1 + 6| &c/ 1 + 15| bde \]t* 

+ [\aef\ + 8| bdf I + 101 cde|]<' + [31 bef \ + Q\cdf \W + Z\cef \t 

+ \def\ = 
and 

\abd\f + 3[abf + \acd\]t<' + [3\abf \ + 6|&cd| + 9|ace|]«^ 

+ [|a&^| + 8|ade| + 9lac/ | + lS\bce\]t' 

+ [S\acg\ + 9|ad/ 1 + 18|5c/ 1 + 18\bde\]fi 
(35) 

+ [3|adg| + 3|oe/ 1 + 6l5cp| + 15|cde| + 24|6(i/ |]f* 

+ [lob^l + 7\bdg\ + \aeg\ + 9\bef \ + 8|cd/ \]f 

+ [3\bcg\ + 6|cd^| + 9\cef\]f + 3[ceg + \def\]t+ \deg\ = 0; 



' The expanded form of (29) is exactly the same as equation (34) on page 151. 
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the third 9-ic is the symmetrically formed 9-ic obtained from (35), its 
first coefficient being \acd\ and its last \dfg\ ; the fourth can be obtained as 
a 9-ic symmetrical with (34). By mviltiplying these four 9-ics by t^ and t 
we obtain 8 equations which taken with the original 4 may be considered 
12 11-ics whose determinant equated to zero is the undulation condition 
of the JJj*. It is to be observed that (34) is the equation of the 9 flexes of 
the J?2^ of (17) ; the corresponding expression for the Bz^ is the flex 12-ic of 
the Bi', etc. Hence the problem of finding the 4(n — 3)-rowed determinant 
whose vanishing is the condition for the J?2" to have an undulation is reduced 
to finding one new (3n — 9)-ic — ^the correspondent of (35) — ^provided that 
the flex equation of the J?2"~^ is known. 

The Cusp Invaxiant of iZs". 

We recall that every BdT is symmetrically* represented by n — d binary 
forms of order n and that combinants of these n — d binary forms are 
invariants of the Bd". Hence in the plane the J?2" is symmetricaly represented 
by n — 2 binary forms of order n;i. e., the J?2^ is synmietrically represented 
by a binary cubic whose invariants are invariants of the Bi" and since a 
binary cubic has only one invariant, its discriminant, the condition for 
the i?2^ to have a cusp is the vanishing of this invariant; it is known that the 
condition for the Bi* to have a cusp is the condition for there to be a member 
of the pencil of binary quartics which symmetrically represent the B2* 
which has a cubed factor; it has just been proved in the previous section of 
this paper that the condition for the B^' to have a cusp is the condition for 
there to be a member of the system of binary quiotics associated with the 
Bi^ which contains a fourfold factor. Hence, the natural thing to suppose 
is that the Ej" will have a cusp if only the associated system of n — 2 binary 
forms of order n have a member which contains an (n — l)-fold factor. 
Is this true, or not? 

That it is only one condition for there to be a member of a system of 
n — 2 binary forms which contains an (n — l)-fold factor has been suf- 
ficiently illustrated in the previous paragraphs. Suppose this condition 
is imposed and that there is a member of this system of n — 2 binary 
7i-ics which contains an (n — l)-fold factor which may be taken « as well 
as anything else. This member may be written in the form 

(36) a„-it + an = 0; 

this n-ic (36) must be apolar to all line sections of the Bi" of (1) which requires 

(37) anOi — a„-ibi = 0; i = 0, 1, 2. 

• Meyer, Apolaritat und rationale Curven, p. 9. 
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Therefore 

(3B) ^M- 

TMiat effect does this have upon the parametric equations of the ^2"? By- 
reason of (38) these may be written in the form 

xo = ooi" + nbof"-' + -^^5 — -cot^-"" ■■■, 



2 



(39) 



xi = kaot" + knbot^-' + ^^^ ^ Cii"-= • • • , 



2 



Xi = qaot" + qnbot"-^ + ^^-^ -dt"-^ • ■ 



By choosing another triangle of reference Xox/xj', where X2' = X2 — qxo 
and Xi = Xi — kxo, we may write (39) in the form 

Xo = aot" + nbft"-^ + Co't"-^ ■••, 

(40) x/ = Ci't"-^ ••, 

Xi' = Ci't"-^---. 

Again taking as a new triangle of reference XoXi'x2" where X2" = C2'xi' — Ci'x2' 
we may write the E2" 

Xo = Oof" + nhot"-^ + co't"-^ + do'«"~' • • •, 

(41) xi' = Ci'f-' + d.'t"-' ■■■, 
X2" = di't"-'---. 

which shows that the i22" has a cusp, the cusp tangent being X2" = 0. 

Hence, the condition* for the i?2" to have a cusp is the condition for there 
to be a set of its fundamental involution which contains an {n — l)-fold factor. 

The same method that has been used to write out the cusp invariants 
of the JK2', RiS and Ri^ can be applied generally. Let the n — 2 binary 
7i-ics whose hnear system constitutes the fundamental involution of the 
E2" be written symbolically. 

(a'O" = 0, 

(^'0" = 0, 

(42) (» - 2) equations. 



(t'0» = 

■ The sufficiency of this condition is proved by a course of reasoning similar to that on page 8. 
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The condition for there to be a member of the linear system of (42) which 
contains an (n — l)-fold factor is the vanishing of the matrix 



(43) (a'tym)Ky'ty-'-(T'ty 



ai 



/»— 2 



/3: 



,n-2 



7l 



/jt— 2 



/»— 3 / 

Oil ai 

/jt— 3 / 

71 72 



ai 



/Ji— 2 



,n-2 



72 



/«— 2 



^1 



ffi—i 



- '»-3 / 



ir2 



/n— 2 



The matrix (43) yields (n — 1) equations of degree (2n — 4) which such 
a value of t must satisfy; the coefficients of these (2n — 4)-ics are expressible 
in terms of the (n — 2)-rowed determinants of the matrix of coefficients 
of (42): each of these (» — 1) equations has (2n — 3) coefficients; if these 
(n — 1) equations are multipUed by t we obtain (n — 1) other equations 
which taken with the original (n — 1) may be looked upon as (2n — 2) 
binary (2n — 3)-ics; the determinant of these (2n — 2) equations is of 
order 2(n — 1) in the (n — 2) -rowed determinants of the matrix of coef- 
ficients of (42). The in — 2)-rowed determinants of this determinant are 
now replaced by three-rowed determinants of the matrix of coefficients of 
(1) when n = n and d = 2 in this way; suppose a given (n — 2)-rowed 
determinant is formed from the one matrix by striking out a certain set 
of three colimms, the determinant to be substituted for it is formed from 
the other matrix — the matrix of coefficients of (1) for n. — n and d = 2 — ^by 
using the constituents of these three columns. In this way it is possible 
to obtain the cusp condition of an i?2" as the vanishing of a determinant of 
order 2(n — 1) whose constituents are the three-rowed determinants of 
the type \abc\. If we understand that in both matrices binomial coefficients 
have been ignored the invariant obtained in the above maner would be that 
invariant for the lEj" whose parametric equations do not contain binomial 
coefficients; hence allowance must be made for these in every case if we 
wish to find the cusp invariant for the lEj" as written in (1). In the case 
of the Ri^ suppose the four sextics of (42) are 



(44) 



{a'ty = 0, os'O' = 0, wty = 0, {b'ty = 0. 



The cusp condition is imposed if there is a value of t which satisfies the 
matrix 
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(45) {a'tYmYWt)Kh'ty 
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7/7/^ 


5i'^ 


8^'\' 


s /2» /2 
6i 02 


8i'62'' 



«2 



72 



= 0. 



If (45) is expanded the resvilt is 5 octavics whose coefficients are four-rowed 
determinants of the matrix of coefficients of (44) ; if the coefficients of these 
octavics are replaced bj^ the three-rowed determinants of the matrix of 
coefficients of the parametric equations of the R^^ in the manner just ex- 
plained, we have 5 octavics which multiplied by t furnish 5 other equations; 
these ten equations may be considered* 10 9-ics, the determinant of whose 
coefficients equated to zero is the cusp condition of the R-^. 



Higher Dimensions. 

The methods used in the preceding paragraphs for rational curves in 
the plane can be applied without change of argument to rational ciur-es 
in higher dimensions. For instance, in ordinary space an Es" has 4(n — 3) 
tetraiactic planes, or planes cutting the curve in four consecutive parameters; 
hence, by applying the method used to find the undulation condition in 
the plane we find the invariant which vanishes when the Rs" has a pentatactic 
plane, and it can be expressed as a determinant of order 5(n — 4) whose 
constituents are the four-rowed determinants of the matrix of coefficients 
of the parametric equations of the curve; also the singularity in higher spaces 
which corresponds to the cusp in the plane can be found in an analogous 
way. Also, as every invariant of the Ri^ by means of (27) transforms into 
itself or into another invariant of the /?2°, so any invariant of an jB*^*+' 
transforms into itself or into another invariant of the i^t^*"*"^ bj"^ means of a 
scheme analogous to (27). 

Haverford College, 
Februarj^ 1912. 



